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Let X = dv p and Y = dw q be Lorentz sequence spaces. We investigate
when the space KX Y  of compact linear operators acting from X to Y forms or
does not form an M-ideal (in the space of bounded linear operators). We show that
KX Y  fails to be a non-trivialM-ideal whenever p = 1 or p > q. In the case when
1 < p ≤ q, we establish a general (essential) condition guaranteeing that KX Y 
is not an M-ideal. In contrast, we prove that non-trivial M-ideals KX Y  do exist
whenever 1 < p < q, and we give a description of them. © 2001 Academic Press
1. INTRODUCTION
Let KX Y  denote the subspace of compact linear operators between
Banach spaces X and Y in LX Y , the Banach space of bounded linear
1 Research supported in part by Estonian Science Foundation Grant 4400.
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operators. Recall that KX Y  is an M-ideal (in LX Y ) if there exists a
linear projection P on LX Y ∗ with
kerP = KX Y ⊥ = f ∈ LX Y ∗ : f S = 0 ∀ S ∈ KX Y 
satisfying
f = Pf + f − Pf ∀ f ∈ LX Y ∗
A number of authors has been investigating the problem for which com-
mon Banach spaces KX Y  is an M-ideal (cf. [6, Chap. 6] for history,
results, and references; cf. also [8] for more results). It is well known (and
proved by different authors and different methods) that Klp lq is an
M-ideal for all p q ∈ 1 ∞, but Kl1 lq is never an M-ideal. In par-
ticular, if p > q, then, by the classical Pitt’s theorem (cf., e.g., [9, p. 76]),
Klp lq = Llp lq; i.e., Klp lq is a trivial M-ideal.
The Lorentz sequence space dv p is considered to be one of the clos-
est analogues of the space lp. Let 1 ≤ p <∞ and let v = vk = vk∞k=1 be
a non-increasing sequence of positive numbers such that v1 = 1, lim vk = 0,
and
∑∞
k=1 vk = ∞. The Lorentz sequence space dv p is the Banach space
of all sequences of scalars x = ξk for which
x = sup
π
( ∞∑
k=1
vkξπkp
)1/p
<∞
where π ranges over all permutations of the natural numbers . Back-
ground material on Lorentz sequence spaces can be found, e.g., in [9].
Below, we shall use the notation Vn =
∑n
k=1 vk.
In 1979, Hennefeld [7] proved that Kdv p dv p fails to be
an M-ideal. (Let us note, however, that Kdv p dv p belongs to
some larger classes of ideals having important properties of M-ideals: for
instance, it is an HB-subspace [7] and it satisﬁes the Mr s-inequality
for all positive r and s with rp + sp ≤ 1 [4, p. 344].) In fact, he proved
more: if X is a Banach space with a 1-symmetric basis, then KX X is
an M-ideal if and only if X is isometric to c0 or lp for some 1 < p < ∞.
(Recall that dv p is not isomorphic to any of them.) Hennefeld’s method
of proof does not apply to the case of Kdv p dw q, where dv p
and dw q are different Lorentz sequence spaces.
In the present article, we investigate when Kdv p dw q is or is
not an M-ideal. Combining existing results and known methods, we show
(cf. Theorem 2.1) that Kdv p dw q is a trivial M-ideal (i.e., all
operators from dv p to dw q are compact) whenever p > q ≥ 1 and
w /∈ lp/p−q, that it is not an M-ideal whenever p > q ≥ 1 and w ∈ lp/p−q,
and that Kdv 1 dw q always fails to be an M-ideal.
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In view of the above information, one may ask whether Kdv p,
dw q can ever be a non-trivial M-ideal. Our main results read as
follows. If 1 < p ≤ q and
sup
n
Wn
V
q/p
n
< sup
mn
Wn
V
q/p
m+n − V q/pm
 ∗
then Kdv p dw q is not an M-ideal (see Theorem 3.4). (Note that
if v = w and p = q, then (∗) is clearly satisﬁed in the form 1 <∞.) If s > 1,
1 < p ≤ q/s and V sm + V sn ≤ V sm+n ∀mn ∈  ∗∗
then Kdv p dw q is a non-trivial M-ideal (see Theorem 4.2). We
also show that both conditions (∗) and (∗∗) are essential (see the Remark
after Proposition 4.4 and Proposition 4.5).
Let us ﬁx some more notation. In a Banach space X, we denote by IX the
identity operator of X. If ξk ∈ c0, then ξ∗k denotes the non-increasing
rearrangement of the sequence of moduli ξk. Let us note that, for x =
ξk ∈ dv p,
x =
( ∞∑
k=1
vkξ∗kp
)1/p

We thank D. Werner for his comments on the preliminary version of
this article. We also express our gratitude to the referee for helpful sug-
gestions that, in particular, led to an improvement of the ﬁrst versions of
Theorem 4.2 and Proposition 4.4.
2. Kdv p dw q FAILS TO BE
A NON-TRIVIAL M-IDEAL FOR p = 1 OR p > q
The result announced as the title of this section can immediately be
observed from the following theorem.
Theorem 2.1. Let 1 ≤ p q < ∞. Let X = dv p and Y = dw q.
Then
(a) KX Y  is a trivialM-ideal ( i.e., KX Y  = LX Y ) whenever
p > q and w /∈ lp/p−q,
(b) KX Y  is not an M-ideal whenever p > q and w ∈ lp/p−q,
(c) KX Y  is not an M-ideal whenever 1 = p ≤ q.
Theorem 2.1 is an easy consequence of results by Ausekle and Oja
(cf. [3, 13]) as well as the following lemma based on a theorem by
Altshuler et al. [2] and the 3-ball property by Alfsen and Effros [1].
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Lemma 2.2. If Kdv p dw q is an M-ideal, then Klp dw q,
Kdv p lq, and Klp lq are M-ideals.
Proof. By [2; 9, pp. 177–178], any Lorentz sequence space dv p con-
tains, for every ε > 0, a complemented subspace Z isomorphic to lp such
that there exist an isomorphism T from Z onto lp satisfying
1− εTz ≤ z ≤ Tz z ∈ Z
and a linear projection P from dv p onto Z with P ≤ 1 + ε. Using
this, the claim follows by a straightforward veriﬁcation of the 3-ball
property, which is a well-known characterization of M-ideals (cf., e.g.,
[6, pp. 18–19]).
Proof of Theorem 2.1. (a) This was proved in [3, Theorem 1].
(b) If KX Y  were an M-ideal, then Klp dw q would also be.
But this is not the case (cf. [13, Corollary 4]).
(c) If KX Y  were an M-ideal, then Kl1 lq would also be,
which is not the case (cf. [14] or, e.g., [13, Corollary 3]).
3. Kdv p dw q NEED NOT BE AN
M-IDEAL WHILE 1 < p ≤ q
If 1 < p ≤ q < ∞, then Klp dw q and Klp lq are M-ideals
(cf. [11] or, e.g., [6, pp. 289, 327]). Therefore we cannot use Lemma 2.2
for establishing that Kdv p dw q is not an M-ideal (as we did in
the previous section). Instead, we shall apply the following particular case
of a theorem by Kalton and Werner [8].
Lemma 3.1 (cf. [8, Theorem 6.3]). Let X = dv p with p > 1 and
let Y be a Banach space. If there are T ∈ LX Y  with T ≤ 1, x ∈ X
and y ∈ Y with x = y, and a weakly null sequence xn ∈ X such that
lim sup
n
x+ xn < lim sup
n
y + Txn (3.1)
then KX Y  is not an M-ideal.
We shall also need the following result which may be known but we were
not able to ﬁnd the reference.
Proposition 3.2. If 1 ≤ p ≤ q <∞ and Wn = OV q/pn , then dv p ⊂
dw q and the norm of the formal identity mapping from dv p to dw q
is equal to supn W
1/q
n /V
1/p
n .
The essential part of the proof of Proposition 3.2 is contained in the
following lemma.
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Lemma 3.3. Let r ≥ 1 and n ∈ . If positive numbers a1     an
b1     bn satisfy
m∑
k=1
ak ≤
(
m∑
k=1
bk
)r
∀m ≤ n
then
n∑
k=1
akλ
r
k ≤
(
n∑
k=1
bkλk
)r
whenever 1 ≥ λ1 ≥ λ2 ≥ · · ·λn ≥ 0.
Proof. It is an easy observation that
Dn = λ1     λn : 1 = λ0 ≥ λ1 ≥ · · · ≥ λn ≥ λn+1 = 0
is a compact subset of n and , = λ1     λn ∈ ∂Dn, the boundary of Dn,
if and only if , ∈ Dn and there is an index j ∈ 0 1     n so that λj =
λj+1.
We shall ﬁrst prove the claim of the lemma for r = 1. Consider f Dn →
 deﬁned by
f λ1     λn =
n∑
k=1
bkλk −
n∑
k=1
akλk
and note that f λ01     λ0n = 0 whenever
∂f
∂λj
λ01     λ0n = 0 ∀ j = 1     n
Therefore, it sufﬁces to prove the claim of the lemma only for all , ∈ ∂Dn,
i.e., to show that f , ≥ 0, for all , ∈ ∂Dn.
We proceed by induction. If n = 1, then ∂D1 = 0 1 and the claim is
obvious. Assume that the claim of the lemma holds for n− 1 and consider
any ,0 = λ01     λ0n ∈ ∂Dn. Then λ0j = λ0j+1 for some j ∈ 0 1     n.
We ﬁrst deal with the case 1 ≤ j < n and deﬁne the function gDn−1 → 
by
gλ1     λj λj+2     λn = f λ1     λj λj λj+2     λn
=
j−1∑
k=1
bkλk + bj + bj+1λj +
n∑
k=j+2
bkλk
−
j−1∑
k=1
akλk − aj + aj+1λj −
n∑
k=j+2
akλk
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Since the n − 1-tuples of numbers a1     aj−1 aj + aj+1 aj+2     an
and b1     bj−1 bj + bj+1 bj+2     bn satisfy our assumption, we have
g, ≥ 0 for all , ∈ Dn−1. Hence, in particular, f ,0 ≥ 0.
Next we suppose that j = n, meaning that λ0n = 0, and deﬁne gDn−1 →
 by
gλ1     λn−1 = f λ1     λn−1 0
Since the claim holds for n− 1, we clearly have f ,0 ≥ 0.
Finally, let j = 0, meaning that λ01 = 1. By what was proved above,
f λ02 λ02     λ0n ≥ 0. Therefore
f 1λ02λ0n=f λ02λ02λ0n+
(
f 1λ02λ0n−f λ02λ02λ0n
)
≥b1−a11−λ02≥0
Now we shall prove the claim of the lemma for r > 1. There is no loss of
generality in assuming that b1 = λ1 = 1. Consider h 1∞ →  deﬁned by
hr =
(
n∑
k=1
bkλk
)r
−
n∑
k=1
akλ
r
k λ1     λn ∈ Dn λ1 = 1 b1 = 1
Since h1 ≥ 0 (as was proved above) and
h′r =
(
n∑
k=1
bkλk
)r
ln
(
n∑
k=1
bkλk
)
−
n∑
k=1
akλ
r
k ln λˆk ≥ 0
where λˆk = λk if λk = 0 and λˆk = 1 if λk = 0, we also have hr ≥ 0 for
r > 1.
Remark. Another proof of Lemma 3.3, based on the Krein–Milman
theorem, may be given as follows. Consider the function
F, = Fλ1     λn =
(
n∑
k=1
akλ
r
k
)1/r
−
n∑
k=1
bkλk
This is a continuous convex function on the compact convex set Dn. The
assumption of Lemma 3.3 says that F, ≤ 0 for all extreme points ,
of Dn. Since Dn is the closed convex hull of its extreme points, it follows
that F, ≤ 0 for all , in Dn.
Proof of Proposition 3.2. Put a = supn W 1/qn /V 1/pn and r = q/p. Then
r ≥ 1 and
m∑
k=1
wk ≤
(
m∑
k=1
apvk
)r
∀m ∈ 
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By Lemma 3.3, for all x = ξk ∈ dv p, one has(
n∑
k=1
wkξ∗kq
)1/q
≤ a
(
n∑
k=1
vkξ∗kp
)1/p
∀n ∈ 
This implies that dv p ⊂ dw q and I ≤ a, where Idv p →
dw q denotes the formal identity mapping. Considering xn = ξk ∈
dv p, with ξ1 = · · · = ξn = 1 and ξm = 0, m > n, yields
W 1/qn = Ixn ≤ Ixn = IV 1/pn  n ∈ 
hence a ≤ I.
After the above preparation, we can prove the main result of this section.
Theorem 3.4. If 1 < p ≤ q <∞ and
sup
n
Wn
V
q/p
n
< sup
mn
Wn
V
q/p
m+n − V q/pm
 (3.2)
then Kdv p dw q is not an M-ideal.
Proof. By assumption and Proposition 3.2, we have the inclusion
dv p ⊂ dw q and there exist km ∈  so that
Iq < Wk
V
q/p
m+k − V q/pm

where Idv p → dw q denotes the formal identity mapping, or,
equivalently,
V
q/p
m+k <
Wk
Iq + V
q/p
m 
Since
lim
n→∞
Wn+k −Wk
Wn
= 1
(in fact, limn Wk/Wn = 0 (because limn Wn = ∞) and 1 ≤ Wn+k/Wn =
1 + wn+1 + · · · + wn+k/Wn ≤ 1 +Wk/Wn) and Vn → ∞, we can ﬁx N =
Nkm ∈  so that
V
q/p
m+k <
Wk
Iq +
WN+k −Wk
WN
V q/pm (3.3)
and
V
1/p
m
V
1/q
N
≤ 1I  (3.4)
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Let e1 = 1 0 0   , e2 = 0 1 0 0       . We shall apply
Lemma 3.1 to
T = II 
x = e1 + · · · + em ∈ dv p
y = V
1/p
m
W
1/q
N
e1 + · · · + eN ∈ dw q
and the weakly null sequence
xn = en+1 + · · · + en+k ∈ dv p n ∈ 
We note that
x = V 1/pm = y
For all n > maxmN, we clearly have
x+ xn = V 1/pm+k
and, by (3.4),
y + Txn =
∥∥∥∥ 1Ien+1 + · · · + en+k + V
1/p
m
W
1/q
N
e1 + · · · + eN
∥∥∥∥
=
(
Wk
Iq +
V
q/p
m
WN
k+N∑
j=k+1
wj
)1/q
=
(
Wk
Iq +
WN+k −Wk
WN
V q/pm
)1/q

Consequently, by (3.3), condition (3.1) of Lemma 3.1 holds and therefore
Kdv p dw q is not an M-ideal.
Since W1/Vm+1 − Vm = W1/vm+1 →m ∞, we immediately get the next
corollary extending the result by Hennefeld that Kdv p dv p is not
an M-ideal for 1 < p <∞.
Corollary 3.5. If 1 < p < ∞ and Wn = OVn, then Kdv p
dw p is not an M-ideal.
More generally, we have the following corollary.
Corollary 3.6. If 1 < p ≤ q < ∞, Wn = OV q/pn , and vnV q/p−1n =
o1, then Kdv p dw q is not an M-ideal.
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Proof. Let r = q/p. It clearly sufﬁces to show that V rm+1 − V rm = o1.
But, by the Lagrange mean value theorem,
V rm+1 − V rm = Vm + vm+1r − V rm ≤ rV r−1m+1vm+1 = o1
Proposition 3.7. Let 1 ≤ p q <∞. If vk = 1k , k ∈ , then Kdv p
dv q is not an M-ideal.
Proof. This is immediate from Corollary 3.6 (recall that Vn = ln n +
O1) and Theorem 2.1 (b) and (c).
As we shall see in Section 4 (cf. the Remark after Proposition 4.4),
condition (3.2) is essential at least when p < q in Theorem 3.4.
4. NON-TRIVIAL M-IDEALS Kdv p dw q DO EXIST
For a Banach space with a basis ek, we denote by Pn, n ∈ , the natural
partial sum projections associated to the basis ek; i.e.,
Pn
( ∞∑
k=1
akek
)
=
n∑
k=1
akek
We begin with a result which is immediate from [10, Theorem 5] (or
[11, Theorem 3; 12, Theorem 4; 6, p. 327]).
Proposition 4.1. Let X be a Banach space with a shrinking basis. If
q > 1 and there exists r ∈ 1 q so that
Pmxr + x− Pmxr ≤ xr m ∈  x ∈ X (4.1)
then KXdw q is an M-ideal.
Proposition 4.1 clearly applies to X = lp, 1 < p ≤ q, with Pmm ∈ ,
being the natural projections associated to the unit vector basis of lp
(take r = p). This yields the known result [10] mentioned above that
Klp dw q is an M-ideal whenever 1 < p ≤ q < ∞. We shall apply
Proposition 4.1 to prove the next theorem which is the main result of this
section.
Theorem 4.2. If s > 1 1 < p ≤ q/s, and v = vk satisﬁes
V sm + V sn ≤ V sm+n m n ∈  (4.2)
then Kdv p dw q is an M-ideal for any w = wk. Moreover,
Kdv p dw q is not complemented in Ldv p dw q.
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Proof. Let Pm, m ∈ , be the natural projections associated to the unit
vector basis of dv p. We shall verify condition (4.1) of Proposition 4.1
for X = dv p and r = sp.
Let us ﬁx m ∈ . For x = ξk ∈ dv p, denote ηk = Pmx and
ζk = x− Pmx. We need to prove that((
m∑
k=1
vkη∗kp
)s
+
( ∞∑
k=1
vkζ∗kp
)s)1/s
≤
∞∑
k=1
vkξ∗kp
for any ξk ∈ dv p, meaning that the operator
x → Qmx x−Qmx
from dv 1 to dv 1 ⊕s dv 1 has norm ≤ 1, where Qm denotes the
natural projection associated to the unit vector basis of dv 1. But this is
equivalent to the fact that its adjoint
f g → Q∗mf + g −Q∗mg
from dv 1∗ ⊕s′ dv 1∗ to dv 1∗ has norm ≤ 1, where 1/s + 1/s′ = 1.
Recall (cf., e.g., [5, p. 97]) that dv 1∗ is canonically identiﬁed with a
sequence space contained in c0 (we do not need the explicit representation
of dv 1∗) and the dual norm of f = ϕk ∈ dv 1∗ can be calculated as
follows:
f = sup
n
1
Vn
n∑
k=1
ϕ∗k
For f g ∈ dv 1∗, let us denote ϕk = Q∗mf , ψk = g − Q∗mg, and
h = χk = Q∗mf + g −Q∗mg. Since Qm = Idv 1 −Qm = 1, it sufﬁces
to prove that
hs′ ≤ Q∗mfs
′ + g −Q∗mgs
′ 
i.e.
sup
n
1
V s′n
(
n∑
k=1
χ∗k
)s′
≤ sup
µ≤m
1
V s′µ
(
µ∑
k=1
ϕ∗k
)s′
+ sup
ν
1
V s′ν
(
ν∑
k=1
ψ∗k
)s′

Since χk = ϕ1     ϕmψm+1 ψm+2    and, for some µ = µn ≤ m,
m+n∑
k=1
χ∗k =
µ∑
k=1
ϕ∗k +
m−µ+n∑
k=1
ψ∗k =
µ+m−µ+n∑
k=1
χ∗k n ∈ 
it is enough to prove that
a+ bs′
V s
′
µ+ν
≤ a
s′
V s′µ
+ b
s′
V s′ν
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whenever a b > 0 and µ ν ∈ , or, equivalently,
a+ bs′ ≤
(
a
A
)s′
+
(
b
B
)s′

where A = Vµ/Vµ+ν and B = Vν/Vµ+ν. This holds since, by Ho¨lder’s
inequality,
a+ b = A a
A
+ B b
B
≤ As + Bs1/s
((
a
A
)s′
+
(
b
B
)s′)1/s′
and As + Bs ≤ 1 by (4.2).
By Proposition 4.1, Kdv p dw q is an M-ideal. If we had
Kdv p dw q = Ldv p dw q, then we would also have
Klp lq = Llp lq because dv p and dw q contain comple-
mented subspaces isomorphic to lp and lq, respectively (see, e.g.,
[9, p. 177]). But this is impossible because the formal identity mapping
from lp to lq is clearly non-compact. Therefore Kdv p dw q =
Ldv p dw q and we conclude the proof of the theorem by using
a result of Tong and Wilken [15] asserting that if KX Y  = LX Y 
for Banach spaces X and Y such that Y has an unconditional basis, then
KX Y  is an uncomplemented subspace of LX Y .
Remark. The assumptions of Theorem 4.2 are satisﬁed, for instance,
whenever 1 < p ≤ q/2 and
V
q/q−p
m+n ≥ V q/q−pm + V q/q−pn  m n ∈ 
because
V q/q−pm + V q/q−pn 
q−p/q ≥ V 2m + V 2n 
1/2
since q/q− p ≤ 2.
Below, we shall show that the assumptions of the main Theorems 3.4
and 4.2 are essential. But now, relying on the following lemma, we discuss
examples of v = vk satisfying (4.2).
Lemma 4.3. If vk = 1/kα for some α ∈ 0 1, then
Vn ≤
n1−α
n+ 1αn+ 11−α − n1−α
 n ∈  (4.3)
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Proof. We proceed by induction. For n = 1, the claim is obvious. Assum-
ing that (4.3) holds for n, we get
Vn+1 = Vn +
1
n+ 1α ≤
n+ 11−α
n+ 1αn+ 11−α − n1−α

Hence, we need to prove that
n+ 11−α
n+ 1αn+ 11−α − n1−α
≤ n+ 1
1−α
n+ 2αn+ 21−α − n+ 11−α

or, equivalently,
n+ 2αn+ 21−α − n+ 11−α ≤ n+ 1αn+ 11−α − n1−α
or, equivalently, ∫ n+1
n
(n+ 2
t + 1
)α
dt ≤
∫ n+1
n
(n+ 1
t
)α
dt
But the last inequality is obvious, since clearly,
n+ 2
t + 1 ≤
n+ 1
t
whenever 0 < t ≤ n+ 1.
Proposition 4.4. Let s > 1. If vk = 1/kα for α = s − 1/s, then (4.2)
holds and Kdv p dw q is an uncomplemented M-ideal for any w =
wk whenever 1 < p ≤ q/s. Consequently, if 1 < p < q < ∞, then there
exists α ∈ 0 1 such that Kdv p dw q is an uncomplemented M-
ideal for v = 1/kα and for any w = wk.
Proof. In view of Theorem 4.2, we only have to verify (4.2). Since 1 −
α = 1/s, by condition (4.3) of Lemma 4.3,
Vnn+ 11/s − n1/s ≤
n1/s
n+ 1α  n ∈ 
i.e.,
Vn
n1/s
≤ Vn
n+ 11/s
+ 1n+ 11/sn+ 1α  n ∈ 
i.e.,
Vn
n1/s
≤ Vn+1n+ 11/s  n ∈ 
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Therefore
V sn
n
≤ V
s
n+m
n+m m n ∈ 
and consequently
V sm + V sn ≤
m
m+ nV
s
m+n +
n
m+ nV
s
m+n = V sm+n
as desired.
Remark. Proposition 4.4 shows that assumption (3.2) of Theorem 3.4 is
essential when p < q. We do not know whether it is essential for p = q.
We conclude by showing that the assumptions of Theorem 4.2 are
essential.
Proposition 4.5. (1) If 1 ≤ p q < ∞, then there exist v = vk and
w = wk so that condition (4.2) does not hold and Kdv p dw q is
not an M-ideal.
(2) If s > 1 and p > q/s, then there exist v = vk and w = wk so that
condition (4.2) holds and Kdv p dw q is not an M-ideal.
Proof. (1) Take vk = wk = 1/k, k ∈ . Then Kdv p dw q is
not an M-ideal (cf. Proposition 3.7). Condition (4.2) does not hold because
V2n < 2
1/sVn
for sufﬁciently large n (since Vn = ln n+O1).
(2) Take vk = 1/kα with α = s − 1/s (see Proposition 4.4). If p >
q or p = 1, then put wk = 1/k, k ∈ , and the claim is obvious from
Theorem 2.1(b) and (c). If 1 < p ≤ q, then put r = q/p and wk = vrk,
k ∈ . Note that 1 ≤ r < s and Wn ≤ V rn , n ∈ . If r = 1, then apply
Corollary 3.5. If r > 1, then (see, e.g., Lemma 4.3)
vnV r−1n s/r−1 = vs/r−1n V sn ≤
n1−αs
1− αsnαs/r−1 = On
r−s
r−1  = o1
and the claim immediately follows from Corollary 3.6.
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